JULY-AUGUST 1990
50 200
40 -.v,
g \ ¥ -
: 30 \ p—— 100 g
3 20 \ //r E
2 \_il 1~
E W, g
AV o}
2
S ———— S
" I O I
0 1 2 3 4 5

NORMALIZED GEAR RATIO: N/ Nopt

Fig.2 Normalized magnitude and phase of Eq. (9) as a function of
the normalized gear ratio.

Table1l System parameters

J. = 1000.0, kg-m? D, = 1.0, N-m-s/rad
Jo = 5.0, kg-m2 Dy = 0.6, N-m-s/rad
Jy = 20.0, kg-m? Dy = 1.2, N-m-s/rad
K = 10.0, N-m/rad C = 1.0, W/N-m?

(10)] will simultaneously minimize both the dynamic coupling
between the spacecraft and the appendage [Eq. (9)] and the
overall actuator power consumption [Eq. (11)].

Determination of the Optimum Coupling Ratio

The magnitudes of Egs. (9) and (10) were expressed in the
frequency domain (s = jw) and then differentiated with respect
to N. Solution of these equations set equal to zero, neglecting
viscous damping, resulted in the following condition for N at

all frequencies:
Ji
Nop = A 12)

Numerical Example

Table 1 gives representative parameter values for the system
shown in Fig. 1, which was analyzed to show the result shown
in Eq. (12) for a system with arbitrary viscous damping. Using
these parameters, the maximum magnitude of Egs. (9) and (10)
as a function of N were calculated choosing driving frequen-
cies five decades above and below the system natural frequency
for incremental values of N. For every frequency, a distinct
minimum occurred for N = N, as given by Eq. (12). To show
this effect, the gain (normalized to its magnitude at N =Ny
and phase of Eq. (10) for a given frequency s =jw are plotted
as a function of the normalized coupling ratio in Fig. 2.

Results and Conclusion

Figure 2 shows the dramatic improvement in motor torque
to appendage transmission for any given motion achieved by
selecting the optimum gear coupling ratio as shown in Eq. (12).
Using this method, typical lightly damped spacecraft ap-
pendages will exhibit improved controllability, a reduced level
of required power during a maneuver, reduced dissipation,
and reduced interaction with the attitude control dynamics.
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Reduction of Missile Navigation
Errors by Roll Programming

Robert J. Fitzgerald*
Raytheon Company, Wayland, Massachusetts

Introduction

HE concept of rotating inertial instruments within a vehi-

cle to allow averaging or cancellation of their errors has
often been applied in the past. Stable platforms of the
“‘carousel’’ type include an auxiliary turntable rotating contin-
uously around the yaw axis, on which are mounted the instru-
ments associated with the roll and pitch axes. (The yaw gyro is
not mounted on the turntable, because its scale factor errors
would eventually result in large yaw attitude errors.) And at
least one strapdown system! rotates all of its instruments back
and forth through +360 deg. In both cases the rate of rotation
is typically about | rpm.

In a missile employing strapdown instruments for naviga-
tion, a natural way of using the same principle is by changing
the roll attitude of the missile itself, so that no hardware alter-
ations are necessary. In this case, continuous rotation in one
direction is not desirable because of the roll gyro scale factor
(SF) error. Back and forth rotation will largely eliminate this
effect, provided the SF error is a symmetrical one; for unsym-
metrical SF errors it is desirable to minimize the total amount
of roll motion. In addition, uplink communications may re-
quire upright (or inverted) roll attitudes for reasons of antenna
polarization. The strategy considered here consists of simply
introducing one or more periods of inverted flight into the
trajectory, attained by relatively rapid rollovers so that the
missile is nearly always either upright or inverted. In general,
most of the achievable improvement can be realized by a sim-
ple schedule (such as a single inverted interval), prepro-
grammed at launch, based on the expected time of flight.

The technique can be applied to the reduction of chosen
components of navigation error or, in the case of a terminal
homing missile, to reduce seeker pointing errors (SPE) or
heading errors at the expected time of target acquisition. We
will concentrate here on reducing SPE. Further details can be
found in Ref. 2.

The choice of an appropriate roll schedule is facilitated by
deriving ‘‘influence functions’’ A(¢) that indicate the effect, on
each component of SPE, of each reversible instrument error
coefficient ¢;:

T

SPE, = S Ci(t)h[(t) dt (1)
0

In Eq. (1), the coefficient ¢; is constant in magnitude, but its
sign changes when the missile is inverted. If we introduce the

sign function

+1 (missile upright
u(t>={ issle upright) ®
-1 (missile inverted)
we may express'Eq. (1) as
T
SPE; = c,-j u(t)h;(t) de 3)
0

where ¢; is now constant.
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Knowing the influence function A(¢) for each important
error source facilitates the choice of a roll program [defined by
u(#)] that will simultaneously drive to zero (or nearly to zero)
each integral of the given type. Although there may be a con-
siderable number of reversible error coefficients, usually a few
error sources predominate so that only a small number of
influence functions must be dealt with.

Susceptibility of Instrument Errors to Roll Reversal

Not all of the various types of inertial instrument errors are
susceptible to cancellation by this technique, but those that are
include some that are often very important, such as accelerom-
eter biases and constant gyro drifts. Whether or not a particu-
lar error component is reversed in sign when the missile is
inverted depends on 1) whether the input axis (I4) of the in-
strument is reversed in direction, and 2) whether the sign of the
error, relative to the 14, is reversed (e.g., because of a reversal
of the acceleration vector relative to the instrument axes). We
can thus develop a set of rules for determining which errors are
reversed when the missile is inverted in roll:

1) Bias drifts and accelerometer biases on the yaw and pitch
axes are reversed, but those on the roll axis are not.

2) Gyro and accelerometer scale factor errors are not re-
versed.

3) A g-sensitive drift is reversed if it involves the roll axis
and either the yaw or pitch axis. If we identify such a drift by
(i,j) where i is the axis of drift and j the axis of the exciting
specific force, and let roll = 1, yaw = 2, and pitch = 3, then the
reversible g-sensitive drifts are those designated 12, 13, 21, 31,
while those not reversed are 11, 22, 33, 23, 32.

4) A gZ-sensitive drift can be designated by (i,j,k), where i
is the axis of drift and j and k are the axes of the specific forces
whose product f; fi causes the drift. The drift will be reversed
if either 1) one acceleration axis is reversed (11k; k #1), 2) the
IA is reversed (i11; i #1), or 3) the IA and both acceleration
axes are reversed (ikj; i,j,k #1). Thus, the reversible g2-sensi-
tive drifts are those designated 112, 113; 211, 311; 222, 223,

322, 233, 323, 333. Those not reversed are 111, 122, 133, 123; .

212, 213, 312, 313.

5) Errors due to misalignments of gyros or accelerometers
around the yaw or pitch axes are reversed, but roll misalign-
ments are not.

Derivation of Influence Functions

For simplicity, we consider only planar missile trajectories,
as shown in Fig. 1. We define two right-handed Cartesian
coordinate frames, the M and L frames. The M frame is the
missile body frame with axes along M1 =roll, M2=yaw,
M3 =pitch. The L frame is an inertial frame oriented relative
to the line of sight (LOS) to the target at the time of acquisi-
tion, as shown. The L1 axis is toward the target, L2 upward,
and L3 horizontal.

The linear differential equations that describe the propaga-
tion of the errors in missile position, velocity, and attitude may
be written approximately in the form?

Sx L) 0 I 0 ox @ 0
d/dt| 85D | =10 0 —[fLx] || 6 | + | Cof | (4a)
S¢D 00 0 o) CoopW
or
z=Fz + Be (4b)

where ¢ is the vector whose elements are the instrument error
coefficients and f is the vector of specific forces acting on
the missile, expressed in the L frame. The symbol [f® x]
represents a ‘‘cross-product matrix’’ such that its product with

VOL. 13, NO. 4

any vector v is the vector f% X v. The matrix C is the transfor-
mation matrix from the M frame to the L frame,

cos® —sinf O
C=]|sinf cos@ O (8]
0 0 1

6™ is the vector of specific force (acceleration) errors, ex-
pressed in the M frame, and 6¢™? is the vector of drift rates
(gyroscope errors). Each element of these two vectors is a lin-
ear combination of the instrument error coefficients, each
multiplied by some function of missile angular rate compo-
nents or specific force components.

These equations are based on the approximation of a nonro-
tating flat Earth and are therefore valid only for flight times
that are short compared with the 84-min Schuler period. The
simple form of Eqs. (4) makes possible analytic solution of the
associated adjoint equations.

Our main interest here is in the yaw and pitch components
of SPE, which can be written as linear combinations of the ele-
ments of the final state perturbation vector z(T):

eyaw = k) 2(T) ©
epitch =k, 2(T) @)

where
kK'=[0 0 —1/R 0 0 0 0 1 0 ®)
kKf=[0 1/R 0 0 0 0 0 0 1] )

and R is the range from missile to target at acquisition. The
corresponding influence functions can be determined by
means of adjoint theory.* If the adjoint vector A(¢) obeys the
differential equation

A= —FT\ 10)
with the terminal boundary condition
MDY=k an

then it follows that the SPE components of Egs. (6) and (7) can
be computed in the form

T
e =kTz(T) = AT(0)z(0) + j hT(He(r) dt (12)
0
where
h(t) = BT(1)X(¢t) (13)
M2 M1
2} L2
MSL 4
At Acq.
L1
Target
At Acq.

Fig. 1 Coordinate frames. The L frame is inertially fixed, while the
M frame is tied to the missile body. .
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is the vector of influence functions. The first term in Eq. (12)
represents the effects of initial errors in position, velocity, and
attitude, and the integral term is a sum of terms of the form of
Eq. (1), one for each instrument error coefficient in the vector
c.

Equation (10) represents nine coupled first-order differen-
tial equations and in general must be solved twice for the
boundary conditions k corresponding to the yaw and pitch
SPE. In the present case, however, it turns out that only two
quantities must actually be determined by integration:

-1 (7 _
at) = R S teoT)f12(7) d7 (14)
1 (7
&(n)=1+ R g Lo(T) fri(7) d7 (15)
where
te()=T—7 16)

and f;, and f;, are components of the specific force vector in
the L frame. In fact, these integrations are also unnecessary,
once the trajectory has been determined. Using the fact that
the acceleration vector is equal to f + g, it may be shown that

at) = R [J’L(T) =y () =y ()t + % tio 0055] an

and

1
&) =1+ R I:xL(T)_xL(t)_xL(t)tgo_gtgzo Sinﬁ] (18

2

where 8 is the depression angle of the line of sight at target
acquisition time 7T (Fig. 1). Thus, the adjoint approach also
provides a very efficient way of computing the various compo-
nents of the seeker pointing error at a particular time.

Table 1 displays the influence functions corresponding to
the 16 reversible error sources considered here, expressed in
terms of g, &2, and the two additional functions

g3(t) = g, cosf + g, sinf (19)

g4(t) = —g; sinf + g, cosd (20)

Table 1 SPE Influence functions

SPE
Error component Influence
Error type No. coefficient  affected function
Gyro
Bias drift 1 do2 Y g4
2 do3 P 82
Misalignment 3 G2 Y —~wM3E2
g-sensitive 4 Fi2 Y g
drift 5 P Y Jmnga
6 F3 1 4 g2
g2-sensitive 7 Fi12 Y S ings
drift 8 P Y [
9 Fx Y Fings
10 Fn P e
11 Fi P fipg2
Accelerometer
Bias 12 a2 P (tgo/R) cosf
13 aos Y —1t30/R
Misalignment 14 A P Jaxtgo/R) sind
15 Az P —~fui(tgo/R) cost
16 A3 Y —fumi(tgo/R)
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The tabulated error coefficients may be identified by reference
to the susceptibility rules presented previously, noting the defi-
nition of the 1, 2, 3 axes in rule 3. In the subscript on a mis-
alignment coefficient, the first digit indicates the input axis of
the instrument and the second the axis about which it is mis-
aligned.

Once the important reversible error sources have been iden-
tified and the corresponding influence function A(¢) deter-
mined for each, one is better equipped to search for a roll pro-
gram u#(¢) [Eq. (2)] that will simultaneously remove most of
the error effects when applied as in Eq. (3). In general far
fewer than 16 errors need to be dealt with, since there is little
benefit to be obtained from reducing errors that are already
unimportant relative to the irreducible (irreversible) ones. In a
typical case, e.g., perhaps only the bias errors (1, 2, 12, and 13
in Table 1) would be worth dealing with. And since complete
nulling of these effects is not worth striving for, one might use
the additional approximation #=0 to reduce the number of
applicable influence functions to two, namely g,(¢) and ¢,,/R.
Such an approach is used in the numerical example discussed
next.

Roll-Induced Errors

The previous discussions have dealt only with error propa-
gation along a planar trajectory with no missile roll. When a
roll program is applied to reduce some of the errors, the act of
rolling will itself excite errors that would not be present other-
wise. Generally, the only significant one of these errors is that
due to the roll gyro scale factor error Sg;, which causes a
buildup of roll attitude error when the roll rate is nonzero.

If the roll SF error is unsymmetrical (different for positive
and negative rotations), little can be done about this effect
except to minimize the amount of rolling. For a symmetrical
SF error, it can be shown that the result is an additional com-
ponent of yaw SPE given by

eyaw = Sc1 Y, 83(1:)Ad; (21)

i=1

where the summation is over the discrete roll maneuvers ap-
plied at times #;, and A¢; is the associated change in roll angle
for each maneuver. Normally, A¢; has magnitude = rads.
However, a roll of +2 rad can be applied at any time to alter
the roll attitude error without changing the effective attitude of
the missile; this can be applied to advantage in many situa-
tions. For example, a single period of inverted flight usually
involves a constant roll attitude error, which is introduced by
the initial rollover and disappears when the missile rights itself
by rolling in the opposite sense. A 360-deg roll, at some time
during the inverted period, can be used to reverse the sign of
the roll attitude error while leaving the missile inverted, and
can thus be used to cancel the resulting component of SPE
without altering other error propagations.

In these discussions, it has been tacitly assumed that the
missile’s initial attitude errors are not correlated with the in-
flight instrument errors. This will not be true if the inertial
system is aligned before launch using its own accelerometers
(as in self-leveling to the gravity vector on the ground, or
transfer alignment from a launch aircraft’s master inertial sys-
tem in flight). In such cases the initial tilts due to accelerometer
biases tend to cancel the in-flight errors due to the same biases
if the vehicle attitude is roughly constant. Under these circum-
stances, inverted flight will interfere with this cancellation and
may make these particular error effects worse rather than bet-
ter. Gyro biases, however, can still be neutralized by roll tech-
niques.

Numerical Example

Table 2 lists the error sources included in a simulated test
case and indicates by asterisks which ones are reversed in sign
during inverted flight. The numerical values shown might be
typical of a missile designed for homing interception rather
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Table 2 Error parameters (3-¢) for the example

1 Initial msl align. about dn-range axis 1.0 deg

2 Initial msl align. about vertical axis 1.0 deg

3 Initial msl! align. about cross-r axis 1.0 deg

4 Axial (M1) accel bias 16.1 ft/s/s

58 Vert (M2) accel bias 16.1 ft/s/s

62  Lateral (M3) accel bias 16.1 ft/s/s

7 Axial (M1) accel scale factor error 0.10

8 Vert  (M2) accel scale factor error 0.10

9 Lateral (M 3) accel scale factor error 0.10
10 Align. of M3 (lat) accel about M1 axis 0.005 rad
11 Align. of M2 (vert) accel about M1 axis 0.005 rad
122 Align. of M3 (lat) accel about M2 axis 0.005 rad
132 Align. of M1 (long) accel about M2 axis 0.005 rad
142 Align. of M2 (vert) accel about M3 axis 0.005 rad
152 Align. of M1 (long) accel about M3 axis 0.005 rad
16 Roll gyro (M) bias drift ' 0.005 rad/s
172 Yaw gyro (M2) bias drift 0.005 rad/s
182 Pitch gyro (M3) bias drift 0.005 rad/s
19 Roll gyro (M1) scale factor error 0.15
20 Yaw gyro (M2) scale factor error 0.15
21 Pitch gyro (M 3) scale factor error 0.15
22 Align. of M3 (pitch) gyro about M1 axis 0.005 rad
23 Align. of M2 (yaw) gyro about M1 axis 0.005 rad
242 Align. of M3 (pitch) gyro about M2 axis 0.005 rad
252 Align. of M1 (roll) gyro about M2 axis 0.005 rad
262 Align. of M2 (yaw) gyro about M3 axis 0.005 rad
272 Align. of M1 (roll) gyro about M3 axis 0.005 rad

28 Gyro G-sens drift 11 (roll/M1 accel)
292 Gyro G-sens drift 12 (roll/M2 accel)
30 Gyro G-sens drift 22 (yaw/M2 accel)
31 Gyro G-sens drift 32 (pitch/M2 accel)
32 Gyro G2-sens drift 111

33  Gyro G2-sens drift 122

342 Gyro G2-sens drift 222

352 Gyro G2-sens drift 233

362  Gyro G2-sens drift 322

372 Gyro G2-sens drift 333

38 Seeker gimbal yaw error

39 Seeker gimbal pitch error

3E-5 r/s/(ft/s/s)
3E-5 r/s/(ft/s/s)
3E-5 1/s/(ft/s/s)
3E-5 r/s/(ft/s/s)
2E-8 r/s/(ft/s/s)?
2E-8 r/s/(ft/s/s)?
2E-8 r/s/(ft/s/s)?
2E-8 r/s/(ft/s/s)?
2E-8 1/s/(ft/s/s)?
2E-8 1/s/(ft/s/s)?

0.01 rad

0.01 rad

aSusceptible to roll reversal.

than inertial navigation. Positions and velocities of target and
launcher were assumed to be accurately known so that the
errors included are only those due to inertial instrument errors,
initial alignment errors, and seeker gimbal errors. (In a real
scenario, targeting errors can be quite significant; their effects
can be added to the errors given here in RSS fashion.) The
effects of roll gyro scale factor errors in such a maneuver are
not included, but techniques for eliminating these effects have
been discussed.

The missile is air-launched at 500 fps at a flight-path angle
y=25 deg. Boost occurs at zero pitch rate and 12 g of axial
acceleration and lasts for 4 s to yield a AV of 1544 fps. The
remainder of the 60-s flight to acquisition is at constant veloc-
ity (zero axial acceleration) and a constant pitch rate that
pitches the trajectory downward by 35 deg before target acqui-
sition at y= — 10 deg. Intercept takes place after 25 s of addi-
tional straight-line, constant-velocity flight. The target is in-
coming at 1000 fps, and the acquisition range R is 75,853 ft.

For this case, it turns out that the major sources of error are
the gyro and accelerometer biases on the yaw and pitch axes.
If the angle 8 were identically zero, the normalized influence
functions of concern would therefore be gx(f) and #,,/R . If we
also neglect the axial specific force f;,(¢), except during boost,
the two influence functions appear as sketched in Fig. 2. Ex-
cept for the small nonconstant portion of g;(¢) during the
boost phase, the integrals of both of these functions can be
zeroed by reversing signs in the middle half of the trajectory,
from 15 to 45 s, by flying the missile in an inverted position
during this interval. This simple strategy was applied directly
to the intercept previously described, even though 6 is as large
as about 35 deg at times.
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Table 3 Seeker pointing errors (deg 3-0),
with and without roll programming

SPE With

comp Upright roll

2 Initial msl align. about vert axis Y 2.2 2.2
3 Initial ms! align. about cr-r axis P 2.1 2.1
4  Axial (M]1) accel bias P 8.0 8.0
52 Vert (M2) accel bias P 20.1 0.7
62 Lateral (M3) accel bias Y 20.9 0.0
7  Axial (M) accel scale factor error P 4.1 4.1
8  Vert (M2) accel scale factor error P 1.4 1.4
16 Roll gyro (M) bias drift Y 5.1 5.1
178 Yaw gyro (M2) bias drift Y 17.2 1.0
182 Pitch gyro (M3) bias drift P 18.0 0.9
21  Pitch gyro (M3) scale factor error P 5.3 5.3
28 Gyro G-sens drift 11 (roll/M1 accel) Y 1.3 1.3
Total rss SPE: Y 27.7 5.9

P 29.0 10.6

2Susceptible to roll reversal.

24

9,(t)

t o/R
{Normalized)
0 T T T T T 1

t(sec)

Fig.2 SPE influence functions for accelerometer biases (£;0/R) and
gyro biases [g2(¢)] for 6=0.

Table 3 shows all SPE components of significance (>1 deg
3-0) when the missile flies upright all the way, together with the
corresponding values when the simple roll strategy is used. The
four SPE components caused by reversible error sources (num-
bers 5, 6, 17, and 18) are all reduced by at least a factor of 17.
When combined in RSS fashion with all the other components
(including those too small to be included in Table 3), the result
is an SPE reduction by a factor of about five in yaw and three
in pitch.

Conclusions

Simple missile roll strategies have been shown to provide a
powerful means of reducing midcourse navigation errors and
seeker pointing errors at target acquisition. This allows in-
creased range of operation for a given quality of inertial instru-
ments or, conversely, the use of less expensive instruments for
a given level of required performance.
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